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This paper presents a nonlinear estimation algorithm to estimate state trajectories of a hypersonic vehicle with

initial condition uncertainty. Polynomial chaos theory is used to predict the evolution of state uncertainty of the

nonlinear system, and a Bayesian estimation algorithm is used to estimate the posterior probability density function

of the nonlinear random process. The nonlinear estimation algorithm is then applied to the hypersonic reentry of a

spacecraft in Martian atmosphere. Its performance is compared with estimators based on an extended Kalman

filtering and unscented Kalman filtering framework. It is observed that for the particular application, the proposed

estimator outperforms extended Kalman filtering and unscented Kalman filtering, highlighting its need in the

current scenario.

I. Introduction

H YPERSONIC flight leading to entry descent landing of a large
spacecraft on the surface of Mars has been identified as a

research area by NASA. Expected mass of the next Mars Science
Laboratory mission is approximately 2800 kg at entry, which is
required to land within a few kilometers of the robotic test sites. One
of the major concerns of high mass entry is the mismatch between
entry conditions and deceleration capabilities provided by super-
sonic parachute technologies. In such applications, there are uncer-
tainties present in initial conditions and other system parameters.
Estimation of parameters for these systems is a hard problem because
of the nonlinearities in the system and the lack of frequent measure-
ments. The evolution of uncertainty, which can be non-Gaussian,
needs to be predicted over longer intervals of time. Hence, the
classical linear Gaussian theory does not provide solutions with
acceptable accuracy. Themain challenges of nonlinear estimation are
in the prediction of uncertainty for nonlinear dynamical systems and
its correction based on measurements.

State estimation is usually performed in the Bayesian framework
where uncertainty in the parameter is represented in terms probability
density functions (PDFs). Bayesian parameter estimation for linear
Gaussian systems is optimal with Kalman filters [1,2]. For nonlinear
systems exhibiting Gaussian behavior, the system is linearized
locally, about the current mean, and the covariance is propagated
using the approximated linear dynamics. This method is used in
extended Kalman filters (EKFs) [2,3]. It is well known that this
approach performs poorly when nonlinearities are high resulting in
an unstable estimator [4–7]. However, the error in mean and
covariance can be reduced if the uncertainty is propagated using the
nonlinear dynamics for a set of sample points, called sigma points.
The probability density function of the states is parameterized by the
sigma points, completely capturing the true mean and covariance.
When propagated through the true nonlinear system, this approxi-
mated density function captures the posterior mean and covariance
accurately to the third order (Taylor series expansion) for any
nonlinearity with Gaussian behavior. This technique has resulted in

the unscented Kalman filter (UKF) [8]. Recently, simulation-based
sequential estimation algorithms based on Monte Carlo simulations
have been proposed to tackle nonlinear systems with non-Gaussian
uncertainties [9–12]. Among them, the most widely used is the
particle filter [13,14]. In this method, ensemble members (also called
particles) are propagated using the nonlinear system. The particles,
properly weighted based on measurements, are used to obtain the
state estimate. Since the particle filter is based on Monte Carlo
simulations, the ensemble size scale exponentially with state dimen-
sion when problem size is large [15].

In this paper, an estimation algorithm based in the framework of
Bayesian inference has been proposed. Polynomial chaos theory is
used to propagate uncertainty in a nonlinear dynamical system, and
the state estimate is obtained by minimizing the covariance of the
posterior probability distribution. As described later, the computa-
tional complexity of polynomial chaos grows factorially with the
dimension of unknown parameters. However, it has been shown that
PC is computationally more efficient than Monte Carlo simulations
[16]. Based on this fact, it is expected that the estimation algorithm
presented here will be computationally more efficient than particle
filters. However, such an analysis has not been performed in this
paper and is a subject of our future work.

Polynomial chaos was first introduced by Wiener [17] where
Hermite polynomials were used to model stochastic processes with
Gaussian random variables. According to Cameron andMartin [18],
such an expansion converges in the L2 sense for any arbitrary
stochastic process with finite second moment. This applies to most
physical systems. Xiu and Karniadakis [16] generalized the result of
Cameron and Martin [18] to various continuous and discrete
distributions using orthogonal polynomials from the so-calledAskey
scheme [19] and demonstrated L2 convergence in the corresponding
Hilbert functional space. This is popularly known as the generalized
polynomial chaos (gPC) framework. The gPC approach is limited to
parametric uncertainty and cannot be used to study the effect of
stochastic forcing directly. However, stochastic forcing processes
that have nonzero correlation window, can be approximated to
arbitrary accuracy using the Karhunen–Loeve expansions. This
approximates the random process using known functions of time
with coefficients that are random variables, thus transforming it to a
problem with parametric uncertainty. The problem then becomes
amenable for analysis in the gPC framework. The gPC framework
has been applied to various applications, including stochastic fluid
dynamics [20,21], stochastic finite elements [22], and solid
mechanics [23,24]. Application of gPC to problems related to control
and estimation of dynamical systems has been surprisingly limited
[25–30].

In the context of nonlinear estimation, polynomial chaos has been
applied by Sandu et al. [31,32], where uncertainty prediction was
computed using gPC theory for nonlinear dynamical systems, and
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estimation was performed using linear output equations and classical
Kalman filtering theory. This paper combines gPC theory with
Bayesian estimation and develops a new estimation method for non-
Gaussian nonlinear processes. The proposed method was applied to
estimate states of hypersonic reentry dynamics in Martian atmo-
spherewithGaussian initial condition uncertainty. For such a system,
uncertainty does not remain Gaussian throughout the propagation
time; hence, EKF- and UKF-based methods are expected to perform
poorly. As mentioned before, the limitation of gPC theory is that it
can only incorporate parametric uncertainty in the system, which is
the premise of the estimation algorithm presented here.

The paper is organized as follows. First, the polynomial chaos
theory is introduced and is used demonstrate how differential equa-
tions with initial state uncertainty can be solved in gPC framework.
This is followed by the details of estimation algorithm that combine
gPC theory andBayesian estimation. The developed estimator is then
applied to hypersonic reentry flight dynamics and its performance is
compared with estimators built in the EKF and UKF frameworks.

II. Wiener–Askey Polynomial Chaos

A. Generalized Polynomial Chaos Theory

Let ��;F ;M� be a probability space, where � is the sample
space,F is the� algebra of the subsets of�, andM is the probability
measure. Let

��!� � ��1�!�; . . . ;�d�!��: ��;F � ! �Rd;Bd�

be anRd-valued continuous randomvariable, whered 2 N, andBd is
the � algebra of Borel subsets ofRd. A general second-order process
X�!� 2 L2��;F ;M� can be expressed in polynomial chaos
framework as

X�!� �
X1
i�0

xi�i���!�� (1)

where ! is the random event and �i���!�� denotes the gPC basis
function of degree i, in terms of the random variables ��!�.
Henceforth, � will be used to represent ��!�. Given the random
variable � with PDF, p���, let v� �1;�;�2; . . . ;1�T . The family
of orthogonal basis functions f�i���g are given by

�0��� � v0 (2a)

�i��� � vi �
Xi�1
k�0

hvi; �k���i
h�k���; �k���i

�k��� i� 1; . . . ;1 (2b)

where

h�i; �ji �
Z
D�

�i�jp��� d�

where h�; �i denotes the inner product with respect to the weight
functionp���, andD� is the domain of the random variable�. Note
that theweight function for the inner product here is same as the PDF
of �.

The procedure in Eq. (2) is the classical Gram–Schmidt
orthogonalization [33]. The orthogonal polynomials thus obtained
are the members of the Askey scheme of polynomials [19], which
form a complete basis in the Hilbert space determined by their
corresponding support. Table 1 summarizes the correspondence
between the orthogonal polynomials for a given PDF of � [16].

B. Approximation of the Solution of Ordinary Differential Equations

with Uncertainty

A dynamical system of the form _x� f�x;��, where x 2 Rn and
random variable � 2 Rd, representing uncertainty in initial states
and parameters, can be solved in the polynomial chaos framework in
the followingmanner. Assume solution of the differential equation to

be x�t;��. For second-order processes, the solution for every
component of x 2 Rn can be approximated as

x̂ i�t;�� �
XN
j�0

xij�t��j���; i� 1; . . . ; n (3)

The above series is truncated afterN � 1 terms, which is determined
by the dimension d of � and the order r of the orthogonal
polynomials f�jg, satisfying N � 1� �d� r�!=d!r!. This expres-
sion gives the number of terms in a sequence of multivariate
polynomials up to order r with d variables.

Substituting the approximate solution into equation of the
dynamical system results in errors, which are given by

ei � _̂xi � fi�x̂;��; i� 1; . . . ; n

The approximation in Eq. (3) is optimal in the L2 sense when the
projection of the errors on the orthogonal basis functions are zero,
i.e.,

hei�t;��; �j���i � 0 (4)

for j� 0; . . . ; N; i� 1; . . . ; n. Equation (4) results in the following
n�N � 1� deterministic ordinary differential equations:

_x ik �
R
D�
f�
P

N
j�0 xij�t��j���;���k���p��� d�R

D�
�2k���p��� d�

(5)

for i� 1; . . . ; n and k� 0; . . . ; N. Therefore, the stochastic
dynamics in Rn has been transformed into deterministic dynamics
in Rn�N�1�. Let us represent

Xpc � � x10 � � � x1N x20 � � � x2N � � � xn0 � � � xnN �T

Then Eq. (5) can be written in a compact form as

_X pc � Fpc�Xpc� (6)

whereFpc�Xpc� represents the right-hand side ofEq. (5). Equation (6)
can be solved using algorithms for ordinary differential equations to
obtain the approximate stochastic response of the system under
consideration.

This method of obtaining Eqs. (5) and (6) is referred to as the
intrusive method and is difficult to compute when f�x̂;�� is a
nonpolynomial function [34]. For such cases, it is better to apply gPC
on a suitable polynomial approximation of f�x̂;��.

III. Proposed Nonlinear Estimation Scheme

Let us consider a nonlinear dynamical system beingmeasured by a
nonlinear measurement model. The states are given by x 2 Rn and
the measured outputs are ~y 2 Rm. The dynamics is governed by

_x� f�x;�� (7a)

~y� h�x� � � (7b)

where � is the measurement noise with �	N �0; R�. The random
parameters can bewritten as�� ��x0

�� �T , where�x0
represents

initial state uncertainty and �� represents uncertainty in system
parameters. Let p��� be the distribution of �.

Table 1 Correspondence between choice of

polynomials and given distribution of� [16]

PDF of � �i��� of the Wiener–
Askey scheme

Gaussian Hermite
Uniform Legendre
Gamma Laguerre
Beta Jacobi
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Estimation algorithms have essentially two steps: the propagation
phase and the update phase. It is assumed that p��� is stationary
during the propagation phase. However, the distribution of x�t;��
will not be stationary due to the dynamics. Therefore, the distribution
of �x0

will change after every update phase. The distribution of ��

will typically not change at all, unless updated externally. Let us also
assume that the measurement updates are available at discrete time
tk; tk�1; . . ..

A. Step 1: Initialization of State

Given the probability density function of the parameters pk��� at
time tk, the initial condition forXpc�tk� at tk can be obtained using the
following equation:

xij�tk� �
Z
D�

�x0i
�j���pk��� d� for i� 1; . . . ; n

j� 0; . . . ; N (8)

where �x0
� x�tk;��. The symbol �x0i

represents the ith compo-

nent of �x0
, which is the random variable associated with initial

condition uncertainty.

B. Step 2: Propagation of Uncertainty and Computation

of Prior Moments

With initial condition defined by Eq. (8), the system in Eq. (6) is
integrated over the interval �tk; tk�1� to obtain Xpc�tk�1�, i.e.,

Xpc�tk�1� � Xpc�tk� �
Z
tk�1

tk

Fpc�Xpc���� d� (9)

The moments of the random process x�t;�� at t� tk�1 can be
computed from Xpc�tk�1� as follows:

M1�
i � xi0 (10a)

M2�
ij �

XN
p�0

XN
q�0

xipxjqh�p�qi (10b)

M3�
ijk �

XN
p�0

XN
q�0

XN
r�0

xipxjqxkrh�p�q�ri (10c)

for i; j; k� 1; . . . ; n. The fourth and other moments can be
calculated in a similar manner. Detailed derivations of the above
equations, can be found in the literature [26]. Here, xij :� xij�tk�1�
andMi� represents the ith prior moment at tk�1. The inner products
of the basis functions are computed with respect to pk���, i.e.,

h�p�q�r�si �
Z
D�

�p����q����r����s���pk��� d�

C. Step 3: Estimation of the Prior Probability Density Function from
Prior Moments

When solving Eq. (9), the states x�tk�1;�� can be approximated
using Eq. (3). With this information, only the moments of the prior
PDF,pk�1��� at time tk�1, can be found [22,26]. Hence, it is difficult
to estimate pk�1���, except when Gaussian behavior is assumed
[35]. In this estimation algorithm, the prior probability density
function is determined using maximum-entropy estimation theory,
subject to constraints defined by the prior momentsMi�. This is the
solution of the following optimization problem:

J :� max
pk�1���

�
Z
D�

pk�1��� log�pk�1���� d� (11)

subject to

C1 :�
Z
D�

�pk�1��� d��M1� (12a)

C2 :�
Z
D�

Q2���pk�1��� d��M2� (12b)

C3 :�
Z
D�

Q3���pk�1��� d��M3� (12c)

and so on. The symbols Qi��� are tensors of polynomials defining
themoments corresponding toMi�. The functional space ofpk�1���
is approximated using Gaussian mixture models (GMMs) [36].
GMMs are dense in the space of continuous functions, and a
sufficiently large mixture can exactly approximate pk�1��� [37]. In
general, any parameterization of pk�1��� is possible, which will be
explored in our futurework.UnderGMMapproximation,pk�1��� is
parameterized as

pk�1��� �
XM
i�1

�iN ��i;�i� (13)

with �i 2 R, �i 2 Rn, �i ��T
i 2 Rn
n, and �i � 0. For com-

putational simplicity, �i is assumed to be diagonal, i.e., �i�
diag��i1 � � � �in�. For pk�1��� to be a probability density function,
the following constraint needs to be satisfied:

Z
D�

pk�1��� d�� 1)
XM
i

�i � 1 (14)

pk�1��� � 0) �i � 0 (15)

Equations (14) and (15) together imply

0 � �i � 1 (16)

With GMM approximation of pk�1���, the integrals in
Eqs. (11) and (12) can be analytically computed and ex-
pressed in terms of the unknowns �i, �i, and �i.

Table 2 Explanation and values of the constants

for Martian atmosphere [42]

Description of constants Value

Radius of Mars Rm � 3397 
 103 m
Acceleration due to gravity of Mars g� 3:71 m=s2

Ballistic coefficient of the vehicle Bc � 72:8 kg=m2

Lift-to-drag ratio of the vehicle L=D� 0:3
Density at the surface of Mars �0 � 0:0019 kg=m3

Scale height for density computation h1 � 9:8 km h2 � 20 km
Escape velocity of Mars vc � 5:027 km=s

Table 3 Scaling constants for base units

Units Scaling constants

Mass Mass of the vehicle is 2800 kg
Length Radius of Mars, Rm
Time Rm=vc � 675:7 s

Table 4 Normalization factors
for measurements

Measurement Normalization factors

Dynamic pressure 1:97 
 103 N=m
Heating rate 0:0231 J=�m-s�
Flight-path angle 19.13
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Fig. 1 Mean and standard deviations of the true system (solid lines) and the approximated system (dashed lines) obtained from Monte Carlo
simulations.
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For a given term in the summation in Eq. (13) and for x 2 R3, the cost
function Ji and the constraints Ci;j are given by the following
expressions:

Ji � �i�log�2� � log��i� � log��i1� � log��i2� � log��i3�
� log��� � 1�
Ci;1 � �i1�i; Ci;2 � �i2�i; Ci;3 � �i3�i
Ci;4 � �2

i1�i � �i�2i1; Ci;5 � �i1�i2�i
Ci;6 � �2

i2�i � �i�2i2; Ci;7 � �i1�i3�i; Ci;8 � �i2�i3�i
Ci;9 � �2

i3�i � �i�2i3; Ci;10 � �3
i1�i � 3�i1�i�

2
i1

Ci;11 � �2
i1�i2�i � �i2�i�2i1; Ci;12 � �i1�2

i2�i � �i1�i�2i2
Ci;13 � �3

i2�i � 3�i2�i�
2
i2; Ci;14 � �3

i3�i � 3�i3�i�
2
i3

Ci;15 � �i1�2
i3�i � �i1�i�2i3; Ci;16 � �i2�2

i3�i � �i2�i�2i3
Ci;17 � �2

i1�i3�i � �i3�i�2i1; Ci;18 � �i3�2
i2�i � �i3�i�2i2

Ci;19 � �i3�i2�i1�

The expressions in the above equations can also be obtained
analytically for x 2 Rn. The number of constraints Ci;j needed for
x 2 Rn is given by the following expression:

dim�Ci;j� �
X3
k�1

n� k � 1

k

� �
8 i� 1; . . . ;M (17)

Detailed derivation of the above formula has been omitted here and
can be found in the literature [38].

If the moments are represented in column form as

M1� � �M1�
1 ;M

1�
2 ;M

1�
3 �T

M2� � �M2�
11 ; . . . ;M

2�
13 ;M

2�
21 ; . . . ;M

2�
23 ; . . .�T

M3� � �M2�
111; . . . ;M

3�
113;M

3�
121; . . . ;M

3�
123;M

3�
131; . . . ;M

3�
133; . . .�T

The cost J in Eq. (11) and constraints Cj in Eq. (12) are given by

J�
XM
i�1

Ji; C1 :�
XM
i�1

Ci;j �M1�
j j� 1; . . . ; 3

C2 :�
XM
i�1

Ci;j �M2�
j�3j� 4; . . . ; 9

C3 :�
XM
i�1

Ci;j �M3�
j�9j� 10; . . . ; 19

It can be seen that the cost function is convex in�i and concave in �ij.
The constraints are convex in �i and �ij, but not all the constraints are
convex in �ij. The problem can be made convex by restricting
�ij � 0, which will require affine transformation of the state vari-
ables and rewriting the dynamics and output equation in terms of the
new variables. The optimization problem as presented here can also
be solved as a nonlinear programming problem.

D. Step 4: Parameter Estimation in Bayesian Framework

The measurements ~yk�1 :� ~y�tk�1� are incorporated to find the
state estimate x̂k�1 :� x̂�tk�1�, using the methodology given in
Bryson and Ho [39]. The prior PDF used here is pk�1���, defined in
Eq. (13). From now onward, the prior PDF will be represented as
pk�1����. In the Bayesian framework, first pk�1� ~yk�1j�� x̂k�1� is
calculated, which is the conditional probability density function of
~yk�1 given the current state estimate x̂k�1. This function is called the
likelihood function. Next, the conditional probability of the state
given the current measurement ~yk�1, i.e., p

k�1��j ~yk�1�, is found.
The state estimate x̂k�1 is then determined using the maximum-
likelihood, minimum-variance, or minimum-error criteria from
pk�1��j ~yk�1�.

1. Step 4.1: Calculating the Posterior Probability Density Function

First, the likelihood function is constructed using the Gaussian
nature of measurement noise and the sensor model, as shown in
Eq. (7). The likelihood function p� ~yk�1j�� x̂k�1� is given by

Fig. 2 Percentage error in states of the approximated system from true system.
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Fig. 3 Performances of EKF- and UKF-based estimators with true initial states as �Rm � 61 km 2:42 km=s �8:91� �T and update interval of 20 s.
The dashed lines represent�3� limits and the solid line represents error in estimation.
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pk�1� ~yk�1j�� x̂k�1� �
1�������������������

�2��mjRj
p e�

1
2� ~yk�1�h�x̂k�1��TR�1� ~yk�1�h�x̂k�1��

(18)

where jRj is the determinant of the measurement-noise covariance
matrix.

The posterior PDF is determined next, which is the density
function of the states given the current measurement and is denoted
by pk�1��j ~yk�1�. Using the classical Bayes rule, it can be written as

pk�1��j ~yk�1� �
pk�1� ~yk�1j�� x̂k�1�pk�1

� ���R
D�
pk�1� ~yk�1j�� x̂k�1�pk�1

� ��� d� (19)

2. Step 4.2: Getting the State Estimate

Depending on the desired criterion for state estimation, the state
estimate x̂k�1 is computed from pk�1��j ~yk�1�. The commonly used
criteria are as follows:

1) MLE criterion: Maximize the probability such that x̂k�1 ��.
This is also called the most-probable estimate or maximum-
likelihood estimate, which translates to

x̂ k�1 �mode of pk�1��j ~yk�1�

2) MCE criterion: Minimize the covariance of pk�1��j ~yk�1�,
which is

x̂ k�1 �min
�

Z
D�

k� � x̂k�1k2pk�1��j ~yk�1� d�

The estimate here is the mean of pk�1��j ~yk�1�.
3) MEE criterion: Minimize maximum j� � x̂k�1j, which

translates to

x̂ k�1 �median of pk�1��j ~yk�1�

E. Step 5: Generation of the Basis Functions

The posterior probability density function pk�1��j ~yk�1� becomes
the density function for the initial states in the next iteration. The
basis functions ���� are generated such that they are orthogonal to
each other with respect to new probability density function. If
f�i���g are orthogonal, the gPC approximations have exponential
convergence and are thus optimal. For any other basis functions, the
approximation is worse than optimal. However, for some applica-
tions, use of the same basis functions for all the time steps may
provide acceptable results. The Gram–Schmidt procedure, similar to
Eq. (2), is used to generate the set of basis functions f�i���g that are
orthogonal. Consequently, all the inner products in the estimation
algorithm presented need to be recomputed at every time step.

Analytical computation of the basis functions using Gram–

Schmidt procedure is tedious and increases in complexity as the
number of states increase [40]. To avoid this, the domainD� of� is
discretized and the basis functionvalues are numerically calculated at
each grid point of the discretized domain. The required integrations
are performed numerically for univariate polynomials, which can be
computed efficiently. Polyvariate polynomials are then determined
using tensor products of the univariate polynomials.

IV. Application to Hypersonic Reentry Problem

The estimation algorithm presented here is applied to reentry of
hypersonic vehicles. The simplified dynamics of reentry are
represented by Vinh’s equation [41] in three states: the distance from
the planet’s center r, velocity v, and the flight-path angle 	, or
x� � r v 	 �T . The equations can be written as

_r� v sin�	� (20a)

_v�� �v
2

2Bc
� g sin�	� (20b)

Fig. 4 Performance of the gPC-based estimator with true initial states as �Rm � 61 km 2:42 km=s �8:91� �T and update interval of 20 s. The

dashed lines represent�3� limits and the solid line represents error in estimation.
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Fig. 5 Performances of EKF- and UKF-based estimator with true initial states as �Rm � 61 km 2:42 km=s �8:91� �T and update interval of 40 s.

The dashed lines represent�3� limits and the solid line represents error in estimation.
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_	 �
�
v

r
� g
v

�
cos�	� � 1

2Bc

�
L

D

�
v (20c)

where g is the acceleration due to gravity, Bc is the ballistic
coefficient, L=D is the lift-to-drag ratio of the vehicle, and � is the
atmospheric density given by

�� �0e�
h2�h
h1
�

where �0, h1, and h2 are constants depending on the planet’s
atmospheric model; h� r � Rm is the height above the planet’s
surface; andRm is the radius of the planet. Choices of the constants in
Eq. (20) used to simulate reentry in Martian atmosphere are given in
Table 2.

The measurement model ~y consists of the dynamic pressure �q, the
heating rate Q [43], and the flight-path angle, or ~y� � �q Q G �T,
where the expressions are

�q� 1
2
�v2 (21a)

Q� k�1
2v3:15 (21b)

G� 	 (21c)

where k� 4:47228 
 10�9 is the scaled material heating coefficient.
Here, initial state uncertainty with Gaussian distribution has been

considered, i.e., x�0;�� ��	N ��0; �
2
0�, where �0 and �0 are

mean and standard deviations, respectively, and have the values

�0 � �Rm � 54 km; 2:4 km=s; �9
 �T (22a)

�0 �
5:4 km 0 0

0 240 m=s 0

0 0 0:9


0
@

1
A (22b)

To achieve consistency in dimensions, every constant in Eq. (20) is
scaled appropriately to create a nondimensionalized system. The
constants scaling the base units are given in Table 3.

The measurements are normalized to lie within ��1; 1� so that they
have consistent magnitude. The normalization factors used for
measurements are given in Table 4. The measurement noise � is
assumed to have mean and covariance of E��� � � 0; 0; 0 �T and
R� E���T � � 6 
 10�5I 3, respectively.

As mentioned before, gPC theory works best when the
nonlinearities are in the form of polynomials [34,44]. In this case, the
trigonometric and exponential terms in Eq. (20) are approximated,
with cubic polynomials in 	 and h, respectively. For example, let
S�	� be a suitable approximation of sin�	�, then

S�	� � a0 � a1	 � a2	2 � a3	3

and

S0�	� � a1 � 2a2	 � 3a3	
2

The coefficients of S�	� are obtained by equating the values of sin�	�
and its derivative,withS�	� andS0�	�, respectively, at the boundaries
of the 	 domain. For the present case, 	 2 ��90
; 0�, which yields a
system of linear equations given by

1 �1:57 2:47 �3:88
1 0 0 0

0 1 �3:14 7:40
0 1 0 0

0
BB@

1
CCA

a0
a1
a2
a3

0
BB@

1
CCA�

�1
0

0

1

0
BB@

1
CCA

which can be solved for a0, a1, a2, and a3. The approximation of
cos�	� can be found in a similar manner.

The approximation of sine and cosine terms for the present case are

sin�	� � S�	� :� 	 � 0:0574	2 � 0:1107	3

cos�	� � C�	� :� 1 � 0:5792	2 � 0:1107	3

Fig. 6 Performance of the gPC-based estimator with true initial states as �Rm � 61 km 2:42 km=s �8:91� �T and update interval of 40 s. The

dashed lines represent�3� limits and the solid line represents error in estimation.
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Fig. 7 Performance ofEKF- andUKF-based estimatorswith true initial states as �Rm � 61 km 2:64 km=s �8:1� �T andupdate interval of 20 s. The
dashed lines represent�3� limits and the solid line represents error in estimation.
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Assuming h 2 �0; 100 km�, the exponential density term is
approximated by cubic polynomials in three different intervals.
The approximated density term D�h� is given by

��D�h� :�

8<
:
0:0146 � 1:50 
 10�6h� 5:93 
 10�11h2 � 8:45 
 10�16h3 0 � h < 25 km

0:0080 � 4:72 
 10�7h� 9:59 
 10�12h2 � 6:61 
 10�17h3 25 km � h < 50 km

0:0015 � 5:2 
 10�8h� 5:90 
 10�13h2 � 2:20 
 10�18h3 50 km � h < 100 km

The approximated system can be written as

_r� vS�	� (23a)

_v��D�h�v
2

2Bc
� gS�	� (23b)

_	 �
�
v

r
� g
v

�
C�	� � 1

2Bc

�
L

D

�
v (23c)

Monte Carlo simulations were performed to validate the
approximated model. A Gaussian distribution for initial states was
assumed, with mean and standard deviations as given in Eq. (22).
Figure 1 shows the trajectories of mean and the standard deviations
for systems in Eqs. (20) and (23). It can be seen that they are almost
identical for both the systems, although some variation is observed
for longer propagation time. Figure 2 shows the percentage error in
approximation of the systems’ states. From this analysis it can be
concluded that the system in Eq. (23) is a good approximation of the
actual system in Eq. (20) for estimation purposes. Clearly, a better

approximation could be performed that reduces the growth of error
over long time integration. However, with this model, good results
were obtained for the estimation algorithm. The approximatedmodel

is used to propagate the uncertainty. The measurements were
obtained by simulating the actual nonlinear system.

To construct the deterministic dynamical system via polynomial
chaos as defined in Eq. (6), inner products of up to six basis functions
were required. Detailed derivation of the augmented dynamics has
been omitted from this paper and can be found in Prabhakar et al.
[44].

Up to fourth-order moments were used to compute the prior
probability density function fromGMMs.ThepriormomentsMi� for
i� 1; . . . ; 4 were computed from the gPC coefficients XPC and the
inner products h�i�j . . .i, as in Eq. (10). In this example, the
associated optimization problem has been solved as a nonlinear
programming problem (NLP), using SNOPT [45]. Clearly, there are
issues related to convergence of this optimization problem. In the
simulations, the NLP converged to a local solution at every time step.
There are methods to convert this optimization problem to a convex
optimization problem, and theywill be considered in our futurework.

The performance of the proposed estimator was then compared
with EKF- and UKF-based estimators. For the current analysis, the
covariance of the posterior PDF was minimized to get the state
estimate (MCE criterion), which is the mean of the posterior density
function. The initial states of the true system were assumed to be

Fig. 8 Performance of the gPC-based estimator with true initial states as �Rm � 61 km 2:64 km=s �8:1� �T and update interval of 20 s. The dashed
lines represent �3� limits and the solid line represents error in estimation.
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x�t� 0� � �Rm � 61 km 2:42 km=s �8:91
 �T

Therefore, the initial error in state estimation was � �7 km
�0:02 km=s0:09
�T . Figures 3 and 4, shows the plots for error in state
estimation, where the measurement update interval is 20 s. It can be
observed that the errors for gPC-based estimator goes to zero rapidly
and are within the �3� limits. The EKF-based estimator performs
poorly and the errors do not converge to zero. The EKF-based
estimator is also inconsistent, as the errors escape outside�3� limits.
In case of UKF, the errors for 	 and v starts to increase after a while
and the�3� limits are divergent. In Figs. 5 and 6 the update interval
was increased to 40 s. It can be seen that the errors and the �3�
bounds for the gPC-based estimator converge. The errors for the
EKF-based estimator for this case diverge. Although the�3� limits
of theUKF-based estimator converge, the convergence is slower than
those of the gPC-based estimator. The estimation errors for UKFs are
divergent.

The gPC-based estimator works well even for larger errors in
initial state estimation. For plots in Figs. 7 and 8, the true initial states
were �Rm � 61 km 2:64 km=s �8:1
 �T , with v and 	 having
10% errors in initial estimate. It can be observed that gPC-based
estimator achieves convergence of error and remains within �3�
bounds. For EKF, the errors diverge and escape outside the �3�
limits. Hence, the EKF-based estimator here is inconsistent. The
errors for the UKF-based estimator converge but briefly remain
outside the�3� bounds. For this example, the�3� limits for UKFs
are observed to be divergent. This highlights the advantage of using

polynomial chaos for propagation in Bayesian estimation framework
over traditional filters based on Gaussian theory.

Figure 9 compares the performances of the three criteria functions
used to get the state estimate. It is observed that�3� bounds ofMEE
criterion converge faster than MCE and MLE criteria, although the
bounds for MLE-based estimate diverge toward the end. The error
convergence for MEE is slower than that MCE and MLE, but errors
are within�3� limits for all the criteria. When compared with EKF
and UKF, the gPC-based estimators outperform both of them when
convergence of errors and�3� limits are considered.

V. Conclusions

This paper presents a nonlinear estimation algorithm that
combines generalized polynomial chaos with Bayesian estimation.
The estimation algorithm was applied to hypersonic reentry of a
vehicle in Mars’ atmosphere using three criteria for estimation
(MEE, MCE, and MLE). The results obtained were compared with
EKF- and UKF-based estimators. It was observed that the estimation
algorithm presented here outperforms EKF and UKF for the current
application. This highlights the advantage of the proposed estimator
over EKF- and UKF-based estimators for systems with high
nonlinearities and sparse measurements. Future plans are to compare
the gPC-based estimator with particle filters and other nonlinear
filtering techniques with non-Gaussian assumptions on a few
benchmark problems.

Fig. 9 Performances ofMCE,MLE, andMEE criteria for state estimates. The true initial states are �Rm � 61 km 2:42 km=s �8:91� �T and update
interval is 20 s. The dashed lines represent�3� limits and the solid line represents error in estimation.
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